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Abstract
Dielectric elastomers are an emerging class of highly deformable electro-active
materials employed for electromechanical transduction technology. For practical
applications, the design of such transducers requires a model accounting for insula-
tion of the active membrane, non-perfectly compliant behaviour of the electrodes or
interaction of the transducer with a soft actuated body. To this end, a three-layer
model, in which the active membrane is embedded between two soft passive layers,
can be formulated. In this paper, the theory of nonlinear electro-elasticity for het-
erogeneous soft dielectrics is used to investigate the electromechanical response of
multilayer electro-active tubes—formed either by the active membrane only (single-
layer tube) or by the coated active membrane (multilayer tube). Numerical results
showing the influence of the mechanical and the geometrical properties of the soft
coating layers on the electromechanical response of the active membrane are pre-
sented for different constraint conditions.
Keywords: Nonlinear electro-elasticity; Composite material; Multilayer electro-active
tube.
1 Introduction
Dielectric Elastomers (DEs) are a novel class of electro-active polymers able to change
significantly their shape and size when subjected to an electric stimulus (Kofod et al.,
2003, Pelrine et al., 2000, 1998). Being lightweight, fast responsive, highly efficient, reli-
able, and inexpensive, these materials are attractive to be employed in electromechanical
transduction technology (Carpi et al., 2008, Graf et al., 2014, Ho et al., 2017, Rosset and
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Shea, 2016, Vertechy et al., 2010). Dielectric Elastomer Transducers (DETs) are devised
by coating the opposite surfaces of a dielectric elastomer film with stretchable electrodes;
as a voltage drop between the electrodes is induced, the dielectric elastomer area expands
whereas its thickness shrinks. As the voltage increases, the elastomeric film thins down
inducing in turn a higher electric field; this positive effect may on the contrary result in a
catastrophic thinning of the elastomer (Zurlo et al., 2017) and lead to the device failure.
This phenomenon is know as electromechanical instability, and strongly depends on the
material model as well as on the boundary conditions (Ask et al., 2015, Bertoldi and Gei,
2011, De Tommasi et al., 2013, Gei et al., 2014, Goshkoderia and Rudykh, 2017, Khan
et al., 2013, Plante and Dubowsky, 2006, Rudykh and deBotton, 2011, Rudykh et al.,
2014, Wang et al., 2016, Zhou et al., 2013).
Among the possible configurations for a dielectric elastomer transducer, the cylindri-
cal one is interesting for different applications (Arora et al., 2007, Chakraborti et al.,
2012). Singh and Pipkin (1966) and Carpi and De Rossi (2004) analyzed the electrome-
chanical behaviour of soft dielectric tubes for finite and small strains, respectively. Goul-
bourne (2009) developed and validated through comparison with experimental data a
numerical model to describe axisymmetric deflections of a tubular DE sensor attached
to a McKibben actuator. Zhu et al. (2010) analyzed the electromechanical instability
of a neo-Hookean soft dielectric tube prestretched by a load and actuated by a radial
electric field. The critical strain actuation is computed in terms of different design pa-
rameters and effects of strain stiffening on the tube response are also considered. Zhou
et al. (2014) investigated the electromechanical response of a DE tube actuator with
and without boundary constraints. Unconstrained tubes suffer from electromechanical
instability which can be avoided by fixing either the axial length (axial constraint) or the
outer radius (radial constraint) of the tube. Lu et al. (2015) explored the critical and
post-bulging bifurcation of a dielectric elastomer tube subjected to electro-mechanical
loading, providing a theoretical prediction and an experimental verification of global in-
stability under force or voltage control and localized instability under volume or charge
control. Melnikov and Ogden (2016) examined the response of a tubular actuator when
subjected to the combination of a radial electric field, an internal pressure and an axial
load by employing the fully nonlinear theory of electroelasticity, considering both thick-
and thin-walled assumptions.
Recently, several papers dealing with soft electro-active tubes activated via a radial
electric field and their applications have been published. Wu et al. (2017) proposed the
use of guided circumferential waves for the ultrasonic non-destructive on-line SHM to
detect defects or cracks and for the self-sensing of the actual state of the tube. Cohen
(2017) investigated the properties of a tube made up of stacked cylindrical dielectric
layers separated by flexible electrodes, showing that increasing the number of layers in
a stacked cylindrical actuator may lead to instabilities even if the outer radius is fixed.
Bortot and Shmuel (2017) proposed a smart system based on array of soft dielectric
tubes for tuning sound. Dorfmann and Ogden (2017) investigated the effects on the tube
electroelastic response of deformation dependent permittivity. Furthermore, Bortot and
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Shmuel (2018) showed that dielectric tubes can be prone to diffuse mode instability, while
considered stable with respect to global electromechanical instability.
Nonetheless, tube-like actuators are difficult to realize and, from a practical view-
point, possible applications for dielectric elastomer transducers suggest the need to ensure
proper electrode protection from aggressive agents and electrical safety of the users. To
this end, passive layers coating the active membrane can provide opportune insulation.
This is an important issue that has began to gain attention in the last years, since the
safety of the users and the service life of the electromechanical transducers are decisive
factors for the production and commercialization of such devices. Furthermore, often
non-perfectly compliant behaviour of the electrodes has to be accounted for, as well as
the interaction of the electro-active transducer with a soft actuated body. Calabrese
(2014) studied a wearable bandage based on a dielectric elastomer actuator and capable
of dynamically modulating the pressure exerted on the limbs. The bandage consists of
two active layers embedded between two soft passive layers; experimental and numerical
investigations showed that the passive layers play a crucial role in transmitting the ac-
tuation from the active layers to the load. Chen et al. (2016) investigated interactions
between a dielectric elastomer balloon actuator and an actuated soft body, when the
balloon actuator is either embedded inside pushing the soft body or wrapped outside
pulling the soft body. Bortot (2017) analyzed, with focus on the stability, the electrome-
chanical response of a multilayer electro-active spherical balloon devised by embedding
the active balloon between two protective soft layers. These works show that the geo-
metrical and mechanical properties of the passive layer strongly modify the multilayer
system response.
Interfaces play a crucial role in determining the electromechanical response of mul-
tilayer electro-active systems. A single-layer electro-active tube is a membrane coated
with compliant electrodes, the application of coatings to the active membrane implies
the presence of further interfaces. The interface failure shall take place at the electrodes
either at the passive layer side, or at the active layer one. The investigation of this kind
of failure requires a more in-depth knowledge of the processes occurring at the interfaces
of such multilayer systems, and it is left to future works. Throughout this work, we make
the simplifying assumption of perfectly bonded interfaces.
This paper aims to investigate the electromechanical response of soft multilayer
electro-active tubes under different constraints, for which the electric actuation results in
an expansion of the tube cavity. Focus is placed on understanding how the passive layers
influence the nonlinear electro-elastic response of the active tube with their mechanical
and geometrical characteristics.
The paper is structured as follow. After having recalled in the first Section the
main equations governing the nonlinear electrostatic deformation of heterogeneous soft
dielectrics, the modeling of the electromechanical response of electro-active tubes under
different constraints is presented. Specifically, axially and radially constrained tubes are
considered alongside unconstrained tubes. Two subsections are dedicated to examine the
electromechanical behaviour of single-layer and multilayer electro-active tubes, respec-
3
tively. Results of a numerical investigation aiming to show the influence of the passive
layers on the electromechanical response of the multilayer tube are then presented and
specialized to a commercially available dielectric elastomer. Concluding remarks are
finally provided.
2 Nonlinear electro-elasticity
Following the approach by Dorfmann and Ogden (2005), Maugin (1988), McMeeking and
Landis (2005), Suo et al. (2008), we summarize in this Section the equations governing
the nonlinear deformation of heterogeneous soft dielectrics, adopting the standard nota-
tion of continuum electromechanics. Throughout this work, quasi-static electromechanic
conditions are assumed.
Consider an electro-elastic body consisting of n homogeneous phases perfectly bonded,
and occupying the volume B0 = ∪ni=1B
0
i ⊂ R
3 in its undeformed configuration. The exter-
nal boundary ∂B0 separates the multi-phase body from the surrounding vacuum. Inside
the body, a generic interface between two phases (j) and (k) (j, k = 1, ..., n) is denoted as
∂B0in(j,k). When subjected to electrical and/or mechanical loads, the heterogeneous soft
dielectric body deforms. The deformation is described by a sufficiently smooth function
χ(X), mapping a reference point X in the undeformed configuration B0 to its deformed
position x = χ(X) in the current configuration B. Locally, the deformation is described
by the deformation gradient tensor with respect to the reference configuration B0, de-
fined as F = Gradχ. A measure of the deformation is provided by the right and left
Cauchy-Green strain tensors, defined as C = FTF and B = FFT, respectively. The
volume change is given by the quantity J = detF. Hence, an incompressible material is
constrained to J = detF = 1.
The current electrostatic state of the dielectric is defined by the electric field E and
the electric displacements D. Under the hypotheses of electrostatics, the local form of
Maxwell equations with respect to the current configuration B takes the form
curlE = 0, divD = 0. (1)
The electric field is conservative, according to the first of equations (1); therefore, it can
be derived as the gradient of an electrostatic potential ϕ, namely E(x) = −gradϕ(x).
For quasi-static deformations, the balance of linear momentum with respect to the
current configuration B reads
divσ + ρf = 0, (2)
where ρ is the current mass density, f is the mechanical force and σ is the symmetric
total stress tensor incorporating both mechanical and electrical stresses. In absence
of mechanical body force, Eq. (2) reduces to the equilibrium equation in the current
configuration B
divσ = 0 . (3)
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On the outer boundary of the body ∂B, the electromechanical fields have to satisfy
the following jump conditions
(σ − σ⋆)n = tm, (D−D
⋆) · n = −ωe, (E−E
⋆)× n = 0. (4)
Here, n is the outward current unit normal vector, tm is a prescribed mechanical traction,
ωe is the surface charge density, D
⋆ is the outer electric displacement field, and σ⋆ is the
Maxwell stress outside the body defined in terms of the outer electric field E⋆ as
σ
⋆ = ǫ0
[
E⋆ ⊗ E⋆ −
1
2
(E⋆ ·E⋆)I
]
, (5)
where I is the identity tensor and ǫ0 is the vacuum permittivity (8.854 pF/m).
Across an internal charge-free boundary ∂Bin(j,k) between phases (j ) and (k), the
electromechanical fields must fulfill the following jump conditions
[[σ]]n = 0, [[D]] · n = 0, [[E]]× n = 0. (6)
Here, [[•]] = (•)(j) − (•)(k) denotes the jump operator, and the outward current unit
normal vector n points from phase (j ) towards phase (k).
In general, since the deformed configuration is a priori unknown, it is convenient to
reformulate the electro-elastic problem in Lagrangian description by employing appro-
priate pull-back operations. In this way, we denote the total first Piola-Kirchhoff stress,
the nominal electric displacement and electric fields, respectively, as
P = J σF−T, E0 = FTE, D0 = JF−1D. (7)
Therefore, the governing electromechanical equations (1) and (3) turn into
CurlE0 = 0, DivD0 = 0, DivP = 0. (8)
Accordingly, the jump conditions on the outer boundary of the body (4) become
(P−P⋆)n0 = tM , (D−D
0⋆) · n0 = −ωE , (E
0 − E0⋆)× n0 = 0, (9)
where tMdA = tmda, ωEdA = ωeda and n
0 is the outward referential unit normal vector.
The jump conditions across an internal charge-free surface (6) read
[[P]]n0 = 0, [[D0]] · n0 = 0, [[E0]]× n0 = 0. (10)
For an incompressible material, following Dorfmann and Ogden (2005), we derive the
total first Piola-Kirchhoff stress and the nominal electric field from an augmented energy
density function W (F,D0) as
P =
∂W
∂F
− p0F
−T, E0 =
∂W
∂D0
. (11)
Here, the incompressibility constraint is introduced via the arbitrary Lagrange multiplier
p0.
5
3 Finite deformations of electro-active tubes under
different constraints
In this section, the electromechanical response of soft dielectric tubes is investigated
with respect to different constraints. Specifically, we consider (i) axially constrained,
(ii) radially constrained, and (iii) unconstrained tubes. To begin with, following the
approach proposed by Melnikov and Ogden (2016), we model the behaviour of electro-
active tubes made up of single active membrane, that is single-layer tubes. Then we
specialize the model to multilayer tubes, obtained by embedding the active membrane
between two soft passive layers.
3.1 Single-layer electro-active tubes
Consider a thick-walled tube of length much larger than its mean diameter, and made up
of an isotropic, hyperelastic and incompressible elastomeric membrane. The inner and
outer surfaces of the tube are coated with stretchable electrodes. In its undeformed con-
figuration B0, the tube is characterized by inner and outer radii Ri and Ro, respectively,
so that its initial thickness is H = Ro − Ri (Fig. 1a). Here and hereafter, quantities
related to the inner and outer surfaces of the tube are indicated by the notations (•)i
and (•)o, respectively. The tube deforms nonlinearly due to a combination of a pressure
Pi applied to its inner surface, and a radial electric field induced by applying an elec-
tric potential difference ∆φ between the compliant electrodes on its curved surfaces (see
Fig. 1b).
Indicating the referential and the current cylindrical coordinate systems, respectively,
as (R,Θ, Z) and (r, θ, z), the following mapping describes the deformation undergone by
the tube
r =
√
λ−1z (R
2 − R2i ) + r
2
i , θ = Θ, z = λzZ. (12)
The deformation gradient admits, hence, a diagonal matrix representation
F = diag
[
(λλz)
−1, λ, λz
]
, (13)
with
λ =
r
R
=
√
1
λz
(
1−
R2i
R2
)
+ λ2i
R2i
R2
. (14)
Here, λi = ri/Ri is the circumferential stretch at the inner surface of the deformed tube.
This stretch is mutually related to the stretch at the outer surface, λo = ro/Ro, as
λzλ
2
o − 1 = t
2(λzλ
2
i − 1), (15)
where t = Ri/Ro is the radius ratio of the tube, such that 0 < t < 1
1.
1The limit cases t → 0 and t → 1 correspond to a cylindrical cavity in an infinite medium and to a
thin-walled shell, respectively
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Figure 1: In-plane cross section of the single-layer electro-active tube in the (a) reference and (b)
current configurations. (c) Axial cross sections of the single-layer tube under the different constraints
considered, namely (i) axially constrained, (ii) radially constrained, and (iii) unconstrained tubes.
Due to the finite extensibility of the polymeric chains, dielectric elastomer tubes ex-
hibit a strain-stiffening behaviour and their constitutive response is, thus, well described
by a Gent strain-energy function (Gent, 1996, Horgan, 2015, Kanner and Horgan, 2007).
For an ideal dielectric elastomer, the electro-elastic strain-energy function reads
W (F,D0) = −
µJm
2
[
1−
tr(FTF)− 3
Jm
]
+
1
2ǫ
FD0 · FD0. (16)
Here, µ is the shear modulus of the material, ǫ = ǫ0ǫr is the strain independent per-
mittivity being ǫr the relative dielectric constant, and Jm is the dimensionless locking
parameter. In the limit Jm →∞ the neo-Hookean model is recovered.
The total stress resulting from Eq. (16) is
σ =
µ
1− tr(F
T
F)−3
Jm
B+
1
ǫ
D⊗D− p0I, (17)
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and in the neo-Hookean limit it turns to σ = µB+ 1/ǫD⊗D− p0I.
The tube is electrically actuated by connecting the electrodes coating its curved
surfaces to a battery. In this way, the voltage (electric potential difference) ∆φ =
ϕ(ro)−ϕ(ri) is applied through the tube thickness, and equal opposing charges accumu-
late on the electrodes. As a consequence, a radial electric field is induced between the
electrodes, Er = −∂ϕ/∂r. In terms of the charge per referential unit length, q = Q/L,
the current electric displacement and electric field read
Dr =
q
2πrλz
, Er =
Dr
ǫ
=
q
2πǫrλz
. (18)
By integration of the second of Eqs. (18), a relationship connecting the applied voltage
and the charge
∆φ =
q
2πǫλz
ln
ro
ri
. (19)
Thus, in terms of the applied voltage, the radial electric field reads
Er =
∆φ
r ln ro
ri
. (20)
For the geometry here considered, fringe effects can be neglected and thus, by Gauss’s
theorem, outside the tube no electric field arise.
For the deformation gradient matrix (13), the strain-energy function (16) depends on
the two stretches λ and λz and the following relationships between the stresses can be
inferred
σθθ − σrr = λ
∂W (λ, λz)
∂λ
, σzz − σrr = λz
∂W (λ, λz)
∂λz
. (21)
Due to the cylindrical symmetry of the deformation, the equilibrium equation (3)
reduces to
dσrr
dr
+
σrr − σθθ
r
= 0. (22)
Integration of Eq. (22) provides
σrr(ro)− σrr(ri) =
∫ ro
ri
σθθ − σrr
r
dr =
∫ ro
ri
λ
∂W (λ, λz)
∂λ
dr
r
. (23)
The integral on the right-hand side of Eq. (23) can be solved using the following change
of variable
dr
r
= −
1
λzλ2 − 1
dλ
λ
. (24)
The tube is assumed to have opened ends, and the axial force acting at the ends of
the tube is given by
Fz =
∫ ro
ri
2πσzzrdr. (25)
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The equilibrium equation (22) along with the first of Eqs. (21) gives the following ex-
pression for the radial component of the stress
σrr =
1
2
[
1
r
d
dr
(r2σrr)− λ
∂W (λ, λz)
∂λ
]
. (26)
Obtaining σzz from the second of Eqs. (21) and substituting it along with Eq. (26) into
Eq. (25), we finally obtain the following expression for the axial force
Fz = πr
2σrr|
ro
ri
+ π
∫ ro
ri
(
2λz
∂W (λ, λz)
∂λz
− λ
∂W (λ, λz)
∂λ
)
rdr. (27)
The integral on the right-hand side of Eq. (27) can be solved using the following change
of variable
rdr = −R2i
λ(λzλ
2
i − 1)
(λzλ2 − 1)2
dλ. (28)
Once the boundary conditions are given, Eqs. (23) and (27) provide the electrome-
chanical response of the electro-active tube. Next we consider different constraints for
the tube. In all the examined cases, a pressure Pi is applied at the inner surface of the
tube, so that σrr(ri) = −Pi.
When the tube is axially constrained (Fig. 1c(i)), the tube is clamped at a fixed axial
stretch ratio λz = λ˜z. The outer surface of the tube is stress free, σrr(ro) = 0. From
Eq. (15), it is thus possible to establish a relationship between λo and λi
λ2o =
t2
λ˜z
(λ˜zλ
2
i − 1) +
1
λ˜z
. (29)
Integration of Eq. (23), accounting for the boundary conditions, yields
Pi =
µJm
4
[
ln
λo
λi
+
(
1−
κ− 2√
(κ+ 2)(κ− 2)
)
× ln
2λ2i λ˜z − κ−
√
(κ+ 2)(κ− 2)
2λ2oλ˜z − κ−
√
(κ+ 2)(κ− 2)
+
(
1 +
κ− 2√
(κ + 2)(κ− 2)
)
× ln
2λ2i λ˜z − κ+
√
(κ+ 2)(κ− 2)
2λ2oλ˜z − κ+
√
(κ+ 2)(κ− 2)
]
+ ǫE0r
2 (t− 1)2(t2λ2i − λ
2
o)
2t2λ2iλ
2
o
[
ln( λo
tλi
)
]2 ,
(30)
where κ = (3 + Jm)λ˜z − λ˜
3
z and E
0
r = ∆φ/H is the nominal radial electric field. In the
neo-Hookean limit, Eq. (23) turns into
Pi =
µ
2
(
λ2i − λ
2
o
λ2iλ
2
oλ˜
2
z
+
2
λ˜z
ln
λi
λo
)
+ ǫE0r
2 (t− 1)2(t2λ2i − λ
2
o)
2t2λ2iλ
2
o
[
ln( λo
tλi
)
]2 . (31)
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When the tube is radially constrained (Fig. 1c(ii)), the outer surface of the tube is
held fixed, so that ro = Ro. Since the outer radius of the tube does not change, the
stretch at the outer surface is λo = 1. The radial stress at the outer surface is equal to
the unknown pressure exerted by the constraint, σrr(ro) = Pr. The tube deforms freely
in the axial direction, Fz = 0. Since λo is fixed, by employing Eq. (15), it is possible to
establish a relationship between λz and λi as
λz =
t2 − 1
t2λ2i − 1
. (32)
From Eq. (23), we can obtain the pressure exerted by the constraint on the outer
surface of the tube as
Pr =
µJm
4
1√
(β − 2)(β + 2)
[
− 4
√
(β − 2)(β + 2) lnλi
+ (2 + β −
√
(β − 2)(β + 2))× ln
[
2γ − β −
√
(β − 2)(β + 2)
2γλ2i − β −
√
(β − 2)(β + 2)
]
− (2 + β +
√
(β − 2)(β + 2))× ln
[
2γ − β +
√
(β − 2)(β + 2)
2γλ2i − β +
√
(β − 2)(β + 2)
]]
+ ǫE0r
2 (t− 1)2(t2λ2i − 1)
2t2λ2i
[
ln( 1
tλi
)
]2 − Pi,
(33)
where β = (3 + Jm)γ − γ
3 and γ = (1 − t2)/(1 − t2λ2i ). In the neo-Hookean limit, the
pressure exerted by the constraint reads
Pr =
µ
2γ2
[
1 +
1
λ2i (t
2λ2i − 1)
(1− t2λ2i + 2(t
2 − 1)λi lnλi)
]
+ ǫE0r
2 (t− 1)2(t2λ2i − 1)
2t2λ2i
[
ln( 1
tλi
)
]2 − Pi. (34)
Substituting Eq. (33) into Eq. (27) and imposing Fz equal to zero, we obtain the
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expression for the internal pressure
Pi =
t2
t2λ2i − 1
{
µJm(γλ
2
i − 1)
2− β
[
−
(t2 − 1)(γ3 − 1)
t2γ(γλ2i − 1)
−
β − 2γ3
γ
√
(2 + β)(2− β)
(
arctan
[
2γ − β√
(2 + β)(2− β)
]
− arctan
[
2γλ2i − β√
(2 + β)(2− β)
])]
−
µJm
4t2
√
(β − 2)(β + 2)
[
− 4
√
(β − 2)(β + 2) lnλi + (2 + β −
√
(β − 2)(β + 2))×
ln
[
2γ − β −
√
(β − 2)(β + 2)
2γλ2i − β −
√
(β − 2)(β + 2)
]
− (2 + β +
√
(β − 2)(β + 2))×
ln
[
2γ − β +
√
(β − 2)(β + 2)
2γλ2i − β +
√
(β − 2)(β + 2)
]]
+ ǫE0r
2 (t− 1)2
t2
 1
ln( 1
tλi
)
−
t2λ2i − 1
2t2λ2i
[
ln( 1
tλi
)
]2
}.
(35)
In the neo-Hookean limit, the internal pressure reads
Pi =
t2
t2λ2i − 1
{
µ
2t2γ2
[
2
(
(t2 − 1)(γ3 − 1) + t2(γλ2i − 1) lnλi
)
− 1−
1
λ2i (t
2λ2i − 1)
(
1− t2λ2i + 2(t
2 − 1)λ2i lnλi
) ]
+ ǫE0r
2 (t− 1)2
t2
 1
ln( 1
tλi
)
−
t2λ2i − 1
2t2λ2i
[
ln( 1
tλi
)
]2
}.
(36)
Finally, when the tube is unconstrained (Fig. 1c(iii)), its outer surface is stress free,
σrr(ro) = 0, and the tube can freely deform in the axial direction, Fz = 0. In this case, it
is not possible to establish an explicit relationship between λz and λi. Nevertheless, the
electromechanical response of the tube can be obtained numerically, through Eqs. (23)
and (27).
In the Appendix, the thin-walled approximation for an axially constrained tube is
discussed.
3.2 Multilayer electro-active tubes
Consider next a multilayer tube, devised by coating the active cylindrical membrane with
two soft coating passive layers (see Fig. 2). The surfaces of the membrane to be activated
are coated with compliant electrodes; then the active cylindrical membrane is embedded
between the two passive layers, resulting thereby insulated from the surrounding space.
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Figure 2: Cross section of the multilayer electro-active tube in the (a) reference and (b) current
configurations.
Each one of three layers is constituted by an homogeneous, hyperelastic, incompress-
ible material, whose response is described by the strain energy function (16). We assume
that the three layers are perfectly bonded. In the reference configuration, the active
layer is characterized by inner and outer radii R
(a)
i and R
(a)
o ; the inner passive layer is,
thus, characterized by outer radii R
(pi)
o = R
(a)
i , and the outer passive layer by inner radii
R
(po)
i = R
(a)
o .
Here and in the following, quantities related to the active, inner and outer passive
layers are denoted by superscripts (a), (pi) and (po), respectively.
For each layer (l), we define the radius ratio t(l) = R
(l)
i /R
(l)
o . Since at the interface
the layers share the same radius, these ratios read
t(a) =
R
(a)
i
R
(a)
o
, t(pi) =
R
(pi)
i
R
(a)
i
, t(po) =
R
(a)
o
R
(po)
o
. (37)
In addition, we define the radius ratio of the multilayer tube as T = R
(pi)
i /R
(po)
o . Taking
into account the layer radius ratios (37), the tube radius ratio reads
T =
R
(pi)
i
R
(po)
o
= t(a)t(pi)t(po), (38)
and it is subjected to the condition T > 0, so as to exclude the limit case of cylindrical
cavity in an infinite medium. On the basis of Eqs. (37), we can define for each layer
(l) the reference thickness H(l) as a function of the outer radius of the active layer R
(a)
o ,
namely
H(a) = (1− t(a))R(a)o , H
(pi) = (1− t(pi))t(a)R(a)o , H
(po) =
(
1
t(po)
− 1
)
R(a)o . (39)
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Since the cavity of the cylinder must not vanish, the thickness of the inner passive layer
must be smaller than the inner radius of the active membrane, that is H(pi) < R
(a)
i and,
consequently, R
(pi)
i > 0.
The deformation of the multilayer tube is induced by applying an electric potential
difference ∆φ across the active layer thickness, and a pressure Pi to the surface of the
tube cavity, so that σrr(r
(pi)
i ) = −Pi.
Each layer undergoes a deformation according to the mapping (12).
Since we assume perfect bonding between the layers, at the active-passive layer in-
terfaces, continuity of tractions implies that
σrr(r
(pi)
o ) = σrr(r
(a)
i ), σrr(r
(a)
o ) = σrr(r
(po)
i ); (40)
furthermore, continuity of the displacements requires that
λ(pi)o = λ
(a)
i , λ
(po)
i = λ
(a)
o . (41)
Thereby, in light of Eq. (15), for each layer the following relationships between the inner
and outer stretches can be inferred
λ(a)o
2
−
1
λ
(a)
z
= t(a)
2
(
λ
(a)
i
2
−
1
λ
(a)
z
)
,
λ
(pi)
i
2
−
1
λ
(pi)
z
=
1
t(pi)
2
(
λ
(a)
i
2
−
1
λ
(pi)
z
)
,
λ(po)o
2
−
1
λ
(po)
z
= t(po)
2
(
λ(a)o
2
−
1
λ
(po)
z
)
.
(42)
Eq. (22) governs the equilibrium of each layer. Accounting for the interface conditions
(40), integrating Eq. (22) for each layer and summing each contribution, we obtain
σrr(r
(po)
o )−σrr(r
(pi)
i ) =
∫ r(a)o
r
(a)
i
σ
(a)
θθ − σ
(a)
rr
r
dr+
∫ r(pi)o
r
(pi)
i
σ
(pi)
θθ − σ
(pi)
rr
r
dr+
∫ r(po)o
r
(a)
i
σ
(po)
θθ − σ
(po)
rr
r
dr.
(43)
At th same way the axial force acting at the ends of the multilayer tube is given by
the sum of the contribution of each layer
Fz =
∫ r(a)o
r
(a)
i
2πσ(a)zz rdr +
∫ r(pi)o
r
(pi)
i
2πσ(pi)zz rdr +
∫ r(po)o
r
(po)
i
2πσ(pozz rdr, (44)
where σzz in each layer is determined according to the second of Eqs. (21) and to Eq. (26).
Eqs. (43) and (44) hence define the electromechanical response of the multilayer tube,
once the boundary conditions are given. We consider next the different constraints exam-
ined for the single-layer tube. For the sake of brevity, we provide the equations govern-
ing the electromechanical response of the multilayer tube according to the neo-Hookean
model only.
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When the tube is axially constrained, the multilayer tube is clamped at a fixed axial
stretch ratio λ
(a)
z = λ
(p)
z = λ˜z. The outer surface of the multilayer tube is stress free,
σrr(r
(po)
o ) = 0. Thus, the relationships between the stretches (42) read
λ(a)o
2
−
1
λ˜z
= t(a)
2
(
λ
(a)
i
2
−
1
λ˜z
)
,
λ
(pi)
i
2
−
1
λ˜z
=
1
t(pi)
2
(
λ
(a)
i
2
−
1
λ˜z
)
,
λ(po)o
2
−
1
λ˜z
= t(po)
2
(
λ(a)o
2
−
1
λ˜z
)
.
(45)
Accounting for the boundary conditions, Eq. (43) turns into
Pi =
µ(a)
2
(
λ
(a)
i
2
− λ
(a)
o
2
λ
(a)
i
2
λ
(a)
o
2
λ˜
(a)
z
2 +
1
λ˜
(a)
z
ln
λ
(a)
i
λ
(a)
o
)
+
µ(pi)
2
(
λ
(pi)
i
2
− λ
(a)
i
2
λ
(pi)
i
2
λ
(a)
i
2
λ˜
(p)
z
2 +
1
λ˜
(p)
z
ln
λ
(pi)
i
λ
(a)
i
)
+
µ(po)
2
(
λ
(a)
o
2
− λ
(po)
o
2
λ
(a)
o
2
λ
(po)
o
2
λ˜
(p)
z
2 +
1
λ˜
(p)
z
ln
λ
(a)
o
λ
(po)
o
)
+ ǫE0r
2 (t(a) − 1)2(t(a)
2
λ
(a)
i
2
− λ
(a)
o
2
)
2t(a)
2
λ
(a)
i
2
λ
(a)
o
2
[
ln
(
λ
(a)
o
t(a)λ
(a)
i
)]2 . (46)
When the tube is radially constrained, the outer surface of the multilayer tube is held
fixed, so that r
(po)
o = R
(po)
o . Since the outer radius of the outer passive layer does not
change, the stretch is fixed λ
(po)
o = 1. The tube can deform freely in the axial direction,
Fz = 0; thus, the axial stretch in the three layers is the same, namely λz = λ
(a)
z = λ
(p)
z .
Thereby, the relationships between the stretches (42) become
λ(a)o
2
−
1
λz
=
1
t(po)
2
(
1−
1
λz
)
,
λ
(a)
i
2
−
1
λz
=
1
t(a)
2
t(po)
2
(
1−
1
λz
)
,
λ
(pi)
i
2
−
1
λz
=
1
t(a)
2
t(po)
2
t(pi)
2
(
1−
1
λz
)
.
(47)
The radial stress at the outer surface of the multilayer tube is equal to the unknown
pressure exerted by the constraint, σrr(r
(po)
o ) = Pr. From Eq. (43), we can obtain the
pressure exerted by the constraint on the outer surface of the tube as
Pr =
µ(a)
2
(
λ
(a)
i
2
− λ
(a)
o
2
λ
(a)
i
2
λ
(a)
o
2
λz
2
+
1
λz
ln
λ
(a)
i
λ
(a)
o
)
+
µ(pi)
2
(
λ
(pi)
i
2
− λ
(a)
i
2
λ
(pi)
i
2
λ
(a)
i
2
λz
2
+
1
λz
ln
λ
(pi)
i
λ
(a)
i
)
+
µ(po)
2
(
λ
(a)
o
2
− 1
λ
(a)
o
2
λz
2
+
1
λz
lnλ(a)o
)
+ ǫE0r
2 (t(a) − 1)2(t(a)
2
λ
(a)
i
2
− λ
(a)
o
2
)
2t(a)
2
λ
(a)
i
2
λ
(a)
o
2
[
ln
(
λ
(a)
o
t(a)λ
(a)
i
)]2 − Pi. (48)
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Substituting Eq. (48) into Eq. (44) and equating Fz to zero, we obtain the following
expression for the internal pressure
Pi =
t(a)
2
t(po)
2
t(a)
2
t(pi)
2
t(po)
2
− 1
{
µ(a)
λz
2
[
1
t(a)
(
(t(a)
2
− 1)(λz
3 − 1) + t(a)
2
(λ
(a)
i
2
λz − 1) ln
λ
(a)
i
λ
(a)
o
)
−
1
2
(
λ
(a)
i
2
− λ
(a)
o
2
λ
(a)
i
2
λ
(a)
o
2 + λz ln
λ
(a)
i
λ
(a)
o
)]
+
µ(pi)
λz
2
[
(t(pi)
2
− 1)(λz
3 − 1) + t(pi)
2
(λ
(pi)
i
2
λz − 1)×
ln
λ
(pi)
i
λ
(a)
i
−
1
2
(
λ
(pi)
i
2
− λ
(a)
i
2
λ
(pi)
i
2
λ
(a)
i
2 + λz ln
λ
(pi)
i
λ
(a)
i
)]
+
µ(po)
λz
2
[
1
t(a)
2
t(po)
2
(
(t(po)
2
− 1)(λz
3 − 1)
+ t(po)
2
(λ
(po)
i
2
λz − 1) lnλ
(a)
o
)
−
1
2
(
λ
(a)
o
2
− 1
λ
(a)
o
2 + λz lnλ
(a)
o
)]
+ ǫE0r
2 (t(a) − 1)2
t(a)
2 ×[
1
ln λ
(a)
o
t(a)λ
(a)
i
−
t(a)
2
λ
(a)
i
2
− λ
(a)
o
2
2λ
(a)
i
2
λ
(a)
o
2
[
ln
(
λ
(a)
o
t(a)λ
(a)
i
)]2
]}
.
(49)
Finally, when the tube is unconstrained, its outer surface is stress free, σrr(r
(po)
o ) = 0,
and the tube can freely deform in the axial direction, Fz = 0. In this case, it is not
possible to establish an explicit relationship between λz and λ
(a)
i or λ
(pi)
i . Nevertheless,
the electromechanical response of the tube can be obtained numerically, through Eqs. (43)
and (44).
In the Appendix, the thin-walled approximation for an axially constrained multilayer
tube is discussed.
4 Numerical investigation
The numerical investigation aims to show, for pure electric loading (Pi = 0)
2, how the
soft passive layers modify the electromechanical response of the active membrane, and
how the deformation of the tube cavity changes when the active membrane is coated.
To this end, for the different constraints considered, we first compare the electrome-
chanical response of a single-layer tube with that of a multilayer one, made up of three
identical layers. Then, we focus our attention on how the behavior of the multilayer tube
is affected by the shear modulus and the thickness of the passive layers.
For convenience, the following dimensionless parameters are introduced
∆φ =
∆φ
H
√
ǫ(a)
µ(a)
, H˜(l) =
H(l)
R
(a)
o
, α(pi) =
µ(pi)
µ(a)
, α(po) =
µ(po)
µ(a)
. (50)
2Applying an internal pressure is beneficial to reduce the electric load required for the actuation of
the tube.
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We assume the same locking parameter Jm = 50 for both the active and the passive
elastomeric membranes. This value corresponds to a limiting uniaxial stretch equal to 7,
which is reasonable for silicone-like dielectric elastomers.
Note that, in all the plots to follow, the results for the Gent and the neo-Hookean
models are denoted by continuous and dashed curves, respectively.
The dependence of ∆φ on the inner circumferential stretch λi for a single-layer tube
and for a multilayer one, made up of three identical layers, are presented in the left- and
right-hand panels of Fig. 3, respectively.
For axially constrained tubes (Fig. 3a), the electromechanical response is stable and
consists in radial expansion at fixed axial length. In order to obtain the same deformation
of the tube cavity, for the multilayer tube a one and a half times higher ∆φ is required. In
the multilayer setting, the deformation of the active membrane is limited due to presence
of the passive layers, and its lock-up stretch is smaller.
For radially constrained tubes (Fig. 3b), the electromechanical response is stable and
consists in axial elongation and radial expansion of the cavity at fixed outer radius. For
the multilayer tube, since the constrained outer surface is that of the outer passive layer,
the active membrane is more compliant and the deformation of the cavity is larger with
respect to the single-layer tube.
For unconstrained tubes (Fig. 3c), the electromechanical response is unstable and
consists in axial elongation and radial expansion. Increasing the electric load, the tube
gradually expands and extends until a critical value of electric load is attained. At this
state, a further increase in the electric load may lead to transition of the tube to a
new stable state characterized by larger volume of the cavity (snap-through instability).
Note that this phenomenon, being strictly connected to the strain stiffening, cannot be
recovered by the neo-Hookean model. Experimental evidence by Lu et al. (2015) confirms
that for dielectric elastomer tube electromechanically loaded the response curve is N-
shaped, validating hence the Gent model. The same phenomenon occurs for spherical
membrane mechanically loaded (Alexander, 1971) as well as for electro-active ballons
(Keplinger et al., 2012, Rudykh et al., 2012). With respect to the single-layer tube, for
the multilayer one the locking stretch of the active membrane is smaller. The locking
stretch at the tube cavity, though, is larger. At the onset of electromechanical instability,
the deformation of the active membrane (λ
(a)
i = 1.32) is approximately equal to the single-
layer case (λi = 1.35), although the deformation of the multilayer tube cavity is larger
(λ
(pi)
i = 1.58). However, the critical ∆φ for the multilayer tube is three times higher with
respect to that for the single-layer one.
For the radially constrained and unconstrained tubes, the dependence of ∆φ on the
axial stretch λz for a single-layer tube and a multilayer one, made up of three identical
layers, are presented in the left- and right-hand panels of Fig. 4, respectively.
For radially constrained tubes (Fig. 4a), to achieve the same axial elongation an ap-
proximately double ∆φ is needed for the multilayer tube. Furthermore, in the multilayer
configuration, the maximum stretch attainable at a given voltage according to the Gent
model is almost double.
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Figure 3: Electromechanical response of soft tubes under pure electric loading (Pi = 0). Dependence of
∆φ on the inner circumferential stretch λi for a single-layer tube (left-hand panels) with active membrane
of dimensionless thickness H˜ = 0.2, and for a multilayer tube (right-hand panels) obtained by coating
the active layer with two identical passive layers, H˜(a) = H˜(pi) = H˜(po) = 0.2 and α(p) = α(pi) = α(po) =
1. The tubes are (a) axially constrained at λ˜z = 1, (b) radially constrained and (c) unconstrained.
Continuous and dashed curves are referred to Gent and neo-Hookean models, respectively.
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Figure 4: Electromechanical response of soft tubes under pure electric loading (Pi = 0). Dependence of
∆φ on the axial stretch λz for a single-layer tube (left-hand panels) with active membrane of dimension-
less thickness H˜ = 0.2, and for a multilayer tube (right-hand panels) obtained by coating the active layer
with two identical passive layers, such that H˜(a) = H˜(pi) = H˜(po) = 0.2 and α(p) = α(pi) = α(po) = 1.
The tubes are (a) radially constrained and (b) unconstrained. Continuous and dashed curves are referred
to Gent and neo-Hookean models, respectively.
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For unconstrained tubes (Fig. 4b), the axial elongation at the onset of electromechan-
ical instability is the same for both the single-layer and the multilayer tubes, however the
critical ∆φ for the multilayer configuration is one and a half times higher with respect
to the single-layer configuration. Furthermore, the lock-up axial stretch of the multilayer
tube is smaller.
Comparing the different constraint conditions, we can see that unconstrained tubes
requires lower ∆φ for their actuation, however they are prone to electromechanical in-
stability. Radially constrained tubes allow for larger axial extension, whereas axially
constrained tubes enable a larger cavity expansion. However, an improved deformation
of the cavity can be obtained for the multilayer tube.
Next, for the different constraint conditions, we examine the effect of modifications
in the mechanical or in the geometrical properties of the passive layers on the response
of the multilayer tube.
Considering an axially constrained multilayer tube formed by an active membrane
with H˜(a) = 0.2 and by two identical passive layers (H˜(pi) = H˜(po) = H˜(p) and α(pi) =
α(po) = α(p)), Fig. 5 depicts the electromechanical response of the tube for increasing
values of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of
(b) the passive layer thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are
referred to the case of identical active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and
α(p) = α(pi) = α(po) = 1). The red curves indicate the deformation of the cavity of the
single-layer tube.
Increasing the shear modulus of the passive layers (Fig. 5a) results in a proportional
increase of the overall stiffness of the multilayer tube. When the passive layers are softer
than the active membrane, the multilayer tube is more deformable and its electrome-
chanical response is hence closer to that of a tube formed by the active membrane only.
At the same way, increasing the thickness of the passive layers (Fig. 5b) results in a
proportional increase of the overall stiffness of the multilayer tube. As the passive layers
become thicker, the active membrane becomes less deformable and its locking stretch
decreases. When the passive layers are thinner than the active membrane, the multilayer
tube is more deformable and its electromechanical response is hence closer to that of a
tube formed by the active membrane only.
Considering then a radially constrained multilayer tube formed by an active membrane
with H˜(a) = 0.2 and by two identical passive layers (H˜(pi) = H˜(po) = H˜(p) and α(pi) =
α(po) = α(p)), Fig. 6 shows the electromechanical response of the tube for increasing
values of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of
(b) the passive layer thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are
referred to the case of identical active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and
α(p) = α(pi) = α(po) = 1). The red curves indicate the deformation of the cavity, and the
axial deformation of the single-layer tube.
An increase in the shear modulus of the passive layers (Fig. 6a) results in a propor-
tional increase of the electric load required to induce a given deformation. As the passive
layers become stiffer, also the overall response of the tube becomes stiffer. Anyway, due
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Figure 5: Axially constrained multilayer tubes. Electromechanical response of the tube for increasing
values of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of (b) the passive
layer thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are associated with the case of
identical active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and α(p) = α(pi) = α(po) = 1). The red
curves indicate the deformation of the cavity of the single-layer tube. Continuous and dashed curves are
referred to Gent and neo-Hookean models, respectively.
to the presence of the outer passive layer, the multilayer tube is more deformable with
respect to the single-layer tube. Even strongly decreasing the shear modulus of the pas-
sive layers, the electromechanical response of the multilayer tube largely differs from that
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Figure 6: Radially constrained multilayer tubes. Electromechanical response of the tube for different
values of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of (b) the passive
layer thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are associated with the case of
identical active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and α(p) = α(pi) = α(po) = 1). The
red curves indicate the deformation of the cavity, and the axial deformation of the single-layer tube.
Continuous and dashed curves are referred to Gent and neo-Hookean models, respectively.
of the single-layer one.
Increasing the thickness of the passive layers (Fig. 6b), the response of the multilayer
tube becomes unstable. When the passive layer thickness is twice larger than that of the
active membrane (H˜(p) = 2H˜(a)) electromechanical instability takes place. As indicated
by the dot-dashed arrow in Fig. 6b, the tube may experience a snap-through at ∆φ = 1.69
from λz = 1.43 to λz = 3.15. As the thickness of the passive layer decreases, the response
of the multilayer tube get closer to that of the single-layer one.
Finally, considering an unconstrained multilayer tube formed by an active membrane
with H˜(a) = 0.2 and by two identical passive layers (H˜(pi) = H˜(po) = H˜(p) and α(pi) =
α(po) = α(p)), Fig. 7 depicts the electromechanical response of the tube for increasing
values of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of
(b) the passive layer thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are
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Figure 7: Unconstrained multilayer tubes. Electromechanical response of the tube for increasing values
of (a) the passive layer shear modulus, namely α(p) = 0.5, 0.75, 1, 1.25, 1.5, and of (b) the passive layer
thickness, namely H˜(p) = 0.5, 1, 1.5, 2 H˜(a). The black curves are associated with the case of identical
active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and α(p) = α(pi) = α(po) = 1). The red curves
indicate the deformation of the cavity, and the axial deformation of the single-layer tube. Continuous
and dashed curves are referred to Gent and neo-Hookean models, respectively.
referred to the case of identical active and passive layers (H˜(a) = H˜(pi) = H˜(po) = 0.2 and
α(p) = α(pi) = α(po) = 1). The red curves indicate the deformation of the cavity, and the
axial deformation of the single-layer tube.
Increasing the shear modulus of the passive layers (Fig. 7a), the critical value of∆φ
increases proportionally, while the critical stretch decreases. Contrary to the cases of
equal and stiffer passive layers α(p) ≥ 1, when the passive layers are softer than the
active membrane α(p) < 1, the critical value ∆φ predicted by the neo-Hookean model is
higher than that expected according to the Gent model.
Increasing the thickness of the passive layers (Fig. 7b), the critical value of ∆φ in-
creases proportionally, as well as the critical and the strain-stiffening stretches at the cav-
ity surface. Conversely, the strain stiffening at the inner surface of the active membrane
occurs for smaller values of the stretch. The active membrane becomes less compliant
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and thus its lock-up stretch decreases. Hence, for the active membrane, the change in
the stretch associated with the nap-through is smaller. When the passive layer thickness
decreases the response of the multilayer tube tends to that of the single-layer one.
4.1 Electromechanical response for a commercially available di-
electric elastomer
To conclude the numerical analysis, we specialize some of the previous dimensionless
results to an active layer made up of a commercially available dielectric elastomer. We
consider VHB-4910, a polyacrylate elastomer produced by 3M, that is available as a
1mm thick adhesive. The limiting uniaxial stretch for the VHB can be assumed equal
to 7 (Koh et al., 2011, Plante and Dubowsky, 2006). Typical electromechanical material
properties for the VHB-4910 (see, e.g., Bortot (2017)) are
µ = 35kPa, ǫr = 4.5. (51)
The active membrane of the tube, being realized with one layer of VHB-4910, is 1mm
thick and we set its radius ratio at 0.8. Thereby, the VHB active membrane is charac-
terized by outer and inner undeformed radii Ro = 5mm and Ri = 4mm, respectively.
These values correspond to a dimensionless thickness H˜ = 0.2. We consider a single-
layer tube, consisting of the VHB active membrane only, and a multilayer one, formed
by sandwiching the VHB active membrane between two identical passive layers. The
multilayer tube passive layers have the same thickness and shear modulus of the active
membrane, H(p) = H(a) = 1mm and µ(p) = µ(a) = 35kPa.
In the case of axial constraint, the tube electromechanical response is stable (See
Fig. 3a). Data comparing the state of the single-layer and the multilayer tubes at 10%
circumferential stretch of the cavity are reported in Tab. 1. The voltage required to
expand the multilayer tube is approximately one and half time that needed to deform
that single-layer one.
Axially constrained tubes
neo-Hookean Gent
Single-layer ∆φ [kV] 15.28 15.28
λi 1.10 1.10
Multilayer ∆φ [kV] 22.64 22.65
H(p) = H(a) λ
(pi)
i 1.10 1.10
µ(p) = µ(a)
Table 1: Axially constrained tubes. Comparison, at 10% circumferential stretch of the cavity, of a
single-layer and a multilayer tube, consisting of a 1mm thick VHB-4910 active membrane. The VHB
active membrane is characterized by outer and inner radii Ro = 5mm and Ri = 4mm, respectively. The
multilayer tube has passive layers with the same thickness and the same shear modulus of the active
membrane, namely H(p) = H(a) = 1mm and µ(p) = µ(a) = 35kPa.
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In the case of radial constraint, the response of both tube is stable (See Figs. 3b
and 4a). Data comparing the state of the single-layer and the multilayer tubes at 10%
circumferential stretch of the cavity are reported in Tab. 2. Whereas the required voltage
is similar for the two tubes, the axial deformation achieved by the single-layer tube is
much larger than that attained by the multi-layer one.
Radially constrained case
neo-Hookean Gent
Single-layer ∆φ [kV] 27.11 25.72
λi 1.10 1.10
λz 1.56 1.56
Multilayer ∆φ [kV] 26.87 26.88
H(p) = H(a) λ
(pi)
i 1.10 1.10
µ(p) = µ(a) λz 1.07 1.07
Table 2: Radially constrained tubes. Comparison, at 10% circumferential stretch of the cavity, of a
single-layer and a multilayer tube, consisting of a 1mm thick VHB-4910 active membrane. The VHB
active membrane is characterized by outer and inner radii Ro = 5mm and Ri = 4mm, respectively. The
multilayer tube has passive layers with the same thickness and the same shear modulus of the active
membrane, namely H(p) = H(a) = 1mm and µ(p) = µ(a) = 35kPa.
In the unconstrained case, the tubes experience electromechanical instability (See
Figs. 3c and 4b). Data comparing the state of the single-layer and the multilayer tubes
at the critical state are reported in Tab. 3. At the critical state the multilayer tube is more
deformed than the single-layer one. Furthermore, the critical voltage of the multilayer
tube is almost twice that of the single-layer one.
Unconstrained tubes
neo-Hookean Gent
Single-layer ∆φ [kV] 20.37 20.50
λci 1.34 1.35
λcz 1.26 1.27
Multilayer ∆φ [kV] 36.10 36.15
H(p) = H(a) λ
(pi)
ci 1.60 1.61
µ(p) = µ(a) λcz 1.37 1.38
Table 3: Unconstrained tubes. Comparison, at the critical state, of a single-layer and a multilayer tube,
consisting of a 1mm thick VHB-4910 active membrane. The VHB active membrane is characterized by
outer and inner radii Ro = 5mm and Ri = 4mm, respectively. The multilayer tube has passive layers with
the same thickness and the same shear modulus of the active membrane, namely H(p) = H(a) = 1mm
and µ(p) = µ(a) = 35kPa.
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5 Concluding remarks
Electro-active tubes are promising electromechanical transducers, even if their manu-
facturing is still challenging. In view of practical applications, in the modeling it is
necessary to account for insulation of the active membrane to ensure electrode protec-
tion, non-perfectly compliant behaviour of the electrodes or interaction of the transducer
with a soft actuated body. In order to represent these conditions, a three-layer model
can be formulated, in which the active membrane is coated with soft passive layers.
Aiming to understand how the coating layers modify the response of the active mem-
brane, we have investigated the electromechanical response of electro-active tubes formed
either by the single active membrane or by a multilayer system, comprising the active
membrane and two soft coating layers. Besides the unconstrained case, different con-
straints have been considered, namely axial and radial constraints.
For pure electric loading, we have shown that the electromechanical response of the
multilayer tube is strongly influenced by the shear modulus and by the thickness of the
passive layers. For axially constrained tubes, the electric loading brings about expansion
of the tube at fixed axial length. An increase in the shear modulus or in the thickness of
the passive layers leads to a proportional increase of the overall stiffness of the multilayer
tube. When the passive layers are softer or thinner than the active membrane, the mul-
tilayer tube is more compliant and its electromechanical response is closer to that of the
single-layer tube. As the passive layers become thicker than the active membrane, this
becomes less deformable and its locking stretch decreases. For radially constrained tubes,
the electric loading causes axial extension and expansion of the cavity at fixed outer sur-
face of the tube. The electromechanical response is stable, however when the thickness
of the passive layer is twice larger than that of the active membrane electromechanical
instability arises. As the passive layers become stiffer, the overall response of the tube
becomes stiffer. Anyway, due to the presence of the outer passive layer, the multilayer
tube is more deformable with respect to the single-layer one. In particular, the defor-
mation of both the active membrane and the tube cavity increases. For unconstrained
tubes, the electric loading brings about axial extension and expansion of the tube. The
electromechanical response is unstable. An increase in the passive layer shear modulus
yields an increase in the critical value of ∆φ and a decrease in the critical stretch. An
increase in the passive layer thickness leads to an increase in both the critical value of ∆φ
and the critical stretch, and to a decrease in the locking stretch of the active membrane.
Our findings show that the electromechanical response of a multilayer tube can be
properly adjusted by modifying the properties of the soft coating layers. This study
provide, thereby, new tools for a more reliable modeling of electro-active tube actuators.
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A Appendix – Thin-wall approximation
The thin-wall approximation for the case of a single-layer electroactive tube can be ob-
tained by introducing
δ =
R2o
R2i
− 1 =
1
t2
− 1, (52)
a small parameter tending to zero. The stretch at the outer surface of the tube can be
expressed as a function of δ
λ2o =
1
δ + 1
(
λ2i +
δ
λz
)
. (53)
For an axially constrained neo-Hookean tube, Eq.(31) can hence be rewritten as
Pi =
µ
2
(
δ(λ2i λ˜z − 1)
λ2i λ˜z(λ
2
i λ˜z − 1 + (δ + 1)λ˜
2
z)
+
2
λ˜z
ln
(√
λ˜zλ
2
i (δ + 1)
λ˜zλ2i + δ
))
+
ǫE0r
2
2
(√
1
δ + 1
− 1
)2
δ(δ + 1)
(λ4i λ˜z + δλ
2
i )
[
ln
(√
1 + δ
λ2
i
λ˜z
)]2 . (54)
For a multilayer tube axially constrained, we can operate in similar way. Each layer is
assumed to be thin-walled, so we can introduce
δ⋆ =
1
t(a)
2 − 1 =
1
t(pi)
2 − 1 =
1
t(po)
2 − 1. (55)
Assuming that the axial stretch is equal for active and passive layers, the circumferential
stretches can thus be expressed as a function of δ⋆
λ(a)o
2
=
1
λz
+
1
1 + δ⋆
(
λ
(a)
i
2
−
δ⋆
λz
)
,
λ
(pi)
i
2
=
1
λz
+ (1 + δ⋆)
(
λ
(a)
i
2
−
1
λz
)
,
λ(po)o
2
=
1
λz
+
1
(1 + δ⋆)2
(
λ
(a)
i
2
−
1
λz
)
.
(56)
Substituting these relations in Eq. (46), we can similarly obtain the thin-wall approxi-
mation for the multi-layer tube.
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